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PART A — (10 x 2 = 20 marks)
Answer ALL the questions.

Define null space.

Prove that L,(cf + g)=cL,(f)+ L,(g).

Define algebraically closed field.
Define ring.
Define permutation of degree n.

Prove that similar matrices have the same
characteristic polynomial.

When two matrices are said to be equivalent?
Define nilpotent linear operator.

Define T-annihilator of « .

State cyclic decomposition theorem.
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PART B — (5 x 5 = 25 marks)
Answer ALL the questions.

Let T be a linear transformation from V into
W. Then prove that T is non-singular if and
only if T carries each linearly independent
subset of V onto a linearly independent
subset of W.

Or
Let V be a finite-dimensional vector space
over the field F. For each vector « in V define
L,(f)=fl@)f in V*. Prove that the
mapping a — L, is an isomorphism of V onto
VoE*,

Suppose [, g and h are polynomials over the
field F such that f#0 and fg = fh. Then

prove that g = h.

Or
Let D be a 2-linear function with the property
that D(A)=0 for all 2 x 2 matrices A over K

having equal roots. Then prove that D is
alternating.

Let K be a commutative ring with identity,
and let A and B be n x n matrices over K.
Then prove that

det (AB) = (det A) (det B).
Or
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15.

(b)

(a)

(a)

Let T be a linear operator on a finite-
dimensional space V. Let c,.....,c,be the

distinct characteristic values of 7T and let W,
be the null space of (T —c,I). Prove that the
following are equivalent.
(1) T1s diagonalizable.
(i1) The characteristic polynomial for 7'is
f=(-¢ )dl o (x—cy )dk and

dm W, =d;,i=1,....,k

(1) dmW, +...+dm W, =dim V.

Let W be an invariant subspace for 7. The
characteristic polynomial for the restriction
operator Tw divides the characteristic
polynomial for 7. Prove that the minimal
polynomial for 7w divides the minimal
polynomial for 7.

Or
(b) Define the following.

(1) Invariant subspace.
(i1) Projection of a vector space.

If T is a nilpotent linear operator on a vector
space of dimension n, then prove that the

characteristic polynomial for T'is x".

Or
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17.

18.

19.

20.

(b) If A is the companion matrix of a monic
polynomial p, then prove that p is both the
minimal and characteristic polynomial of A.

PART C — (3 x 10 = 30 marks)
Answer any THREE questions.

Let V be a finite dimensional vector space over the
field F and let {a,....,@,} be an ordered basis for
V. Let W be a vector space over the same field F
and let f,,....0,be any vectors in W. Then prove
that there is precisely one linear transformation T
from Vinto W such that Ta; = p;,j=1,...,n.

If F is a field, prove that a non-scalar monic
polynomial in F[x] can be factored as a product of

monic primes in F[x]in one and only one way.

Let T be a linear operator on an n-dimensional
vector space V. Prove that the characteristic and
minimal polynomials for 7" have the same roots,
except for multiplicities.

State and prove the primary decomposition
theorem.

If M and N are equivalent m x n matrices with
entries in Flx], then prove that &,(M)=5,(N),

1<k< rnin(m, n)
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